We show that Abelian Higgs Models with dielectric function defined on the noncommutative plane enjoy self-dual vorticial solutions. By choosing a particular form of the dielectric function, we provide a family of solutions whose Higgs and magnetic fields interpolate between the profiles of the noncommutative Nielsen-Olesen and Chern-Simons vortices. This is done both for the usual U (1) model and for the SU (2) × U (1) semilocal model with a doublet of complex scalar fields. The variety of known noncommutative self-dual vortices which display a regular behaviour when the noncommutativity parameter tends to zero results in this way considerably enlarged.
Introduction
Although local quantum field theory has had an impressive success as a framework for describing the dynamics of elementary particles at the current accesible energies, there are indications that, at some stage in the route towards a more fundamental theory, the idea of locality as a basic assumption of physics should be given up. The exact way in which nonlocality would arise in that underlying theory is not clear, but a possibility that has often been considered by theorists is that, for lengths below some scale √ θ, spacetime has to be replaced by a different, blurred entity, in which the coordinates x µ become noncommuting quantitiesx µ with commutators among then of order θ. The reasons for considering noncommutative quantum field theories formulated on this arena are diverse. Originally, noncommutative QFT's appeared in an attempt to use the scale √ θ as a cutoff for ultraviolet divergences, but later they were seen as effective theories on the spacetime foam resulting from the modified uncertainty principle arising in quantum gravity, as some low energy limits of the theory of open strings propagating on a constant Kalb-Ramond field or as describing the low energy quantum fluctuations of stacks of D-branes in the context of the IIB matrix model. The noncommutativity of spatial coordinates emerges also in condensed matter contexts, such as the motion of very light charged particles in strong magnetic fields as it happens in the quantum Hall effect. For reviews of the formalism of noncommutative quantum field theory and some of its motivations and uses or their possible role in phenomenology, see [1] , [2] , [3] , [4] .
The study of the different classes of solitons appearing in field and string theory is an important topic, both because they are stable objects with interesting dynamical behaviour and because their conserved charges allow an interpretation of the solitons as supersymmetric BPS states, which can give significant information on the nonperturbative regime of the theory. In this respect, noncommutative QFT are especially appealing, because they can accomodate regular solitonic solutions in situations in which the usual commutative field theory would give singularities. This happens because Derrick's theorem, which is based on the scaling properties of the lagrangian kinetic and potential energy terms under dilatations of the coordinates, ceases to be valid in the noncommutative case due to the presence of the fundamental length √ θ. As a consequence, it is possible to find noncommutative scalar solitons even in theories without kinetic terms, and there is even a so-called solution generating technique which can be used to construct scalar and gauge solitons starting from trivial vacuum solutions [5] . This kind of solitons, however, become singular when the noncommutativity parameter θ is driven to zero.
In this paper we are going to study the self-dual vortices arising in a class of noncommutative Abelian models in which the kinetic Maxwell term incorporates a dielectric factor which is a function of the Higgs field. This dielectric contribution to the action, which spoils renormalizability, is however a common occurrence in the effective truncation to low-energy of supersymmetric theories. In the commutative case, self-dual vortices in Abelian models with dielectric function have been studied in [6] , [7] , [8] or [9] , and other related Higgs models which arise from effective supersymmetric theories are dealt with in [10] , [11] and [12] . Here, moving to the noncommutative plane, we will consider two variants among this kind of Abelian systems. First, we will pay attention to the case where there is only one complex scalar field and the local symmetry group is U(1); this is the simplest paradigm for the Higgs mechanism and, from the phenomenological side, has interest as a Ginzburg-Landau model for superconductivity (the scalar field is the order parameter between type I and II superconductivities). Then, we will extend the treatment to consider a model with a doublet of scalar fields enjoying a mixture of global SU(2) and local U(1) symmetries; this semilocal situation is a quite interesting limit of the electroweak theory and has been a subject of research in the field of cosmic strings. In both cases, we will focus on self-dual solutions wich continue to be regular when θ goes to zero. For that, we follow closely the treatment given in the articles [13] and [14] by Lozano, Moreno and Schaposnik. In these references, the authors solve the self-duality equations for, respectively, noncommutative Nielsen-Olesen and Chern-Simons-Higgs U(1) vortices by means of a very convenient ansatz which leads to some discrete recurrence relations. On the other hand, in [7] a specific form of the dielectric function which interpolates between the commutative Nielsen-Olesen and Chern-Simons energy densities was proposed. We use this function (with a slightly different parametrization) to find the noncommutative vortices interpolating between those found in [13] and [14] , and also between their semilocal counterparts. The main theme of this paper is thus to combine the flexibility provided by a dielectric function with the techniques to deal with the noncommutative self-dual equations developed by the authors of [13] , [14] to show how the spectrum of self-dual noncommutative vortices with good behaviour for θ → 0 can be considerably enlarged.
2 The Abelian Higgs model with dielectric function and its self-duality equations
We are working on a three-dimensional spacetime with coordinates (x 0 , x 1 , x 2 ) and metric η µν = diag(1, −1, −1), but the spatial coordinates x 1 , x 2 are not real numbers but fuzzy variables with uncertainty relation
where θ is some positive real number. In this setup, we shall consider a dynamical model containing a complex scalar field φ and a gauge field A µ interacting through the action
where the star stands for the Groenewold-Moyal product
The formalism of noncommutative gauge field theories is explained, for instance, in [16] or [17] . In this particular model, the scalar field transforms with the fundamental representation of the U * (1) gauge group:
while A µ is a U * (1) connection
such that the scalar field covariant derivative and the gauge field strength are
The field φ is self-interacting through a potential quadratic in W , a function of the star product of φ andφ, W = W (φ * φ). Also, we allow for a non-minimal scalargauge interaction driven by the dielectric function G = G(φ * φ). In this way, G and W transforms under the adjoint representation of the gauge group
exactly as F µν does, so that the gauge invariance of the action is guaranteed. In the following, we will also assume that G is positive definite and that W vanishes only when the product φ * φ takes its vacuum expectation value, denoted v 2 . Going to the temporal gauge A 0 = 0 and after some convenient rescalings
the energy E of the static field configurations takes the form
where B is the magnetic field
and the spatial covariant derivatives are now
This form of the energy functional is amenable to a Bogomolny splitting. The quadratic term in the covariant derivatives of the Higgs field is written as [18] 
where an irrelevant contour term has been discarded, and the other two terms can be combined as
where the square is in the sense of the * -operation and the ciclic property . Thus, by continously varying λ between 0 and 1 we can find vortices with field-profiles which interpolate between the solutions arising in these two theories.
Solving the noncommutative vortex equation
Let us first consider, following [18] where more details can be found, the case of very large noncommutative parameter θ. By expanding in inverse powers of θ
the self-dual equations are, to leading order, exactly the same that for Nielsen-Olesen vortices
As it is well known [18, 19] , these equations have a solution for each positive integer n which can be expressed in terms of the shift operators | k k + n | for the harmonic oscillator:
Because a n | k + n = (k + n)(k + n − 1) · · · (k + 1) | k , the scalar field operator can be recast as φ ∞ = v a n (a † ) n a n and, in this way, the vorticial character of the solution is apparent through the factor a n (which is the noncommutative guise of the familiar angular dependence of type z n for commutative vortices). This character can be corroborated by computing the magnetic field, which is proportional to the projector onto the | 0 state,
and thus checking that the solution contains n quanta of the magnetic flux
as it is appropriate for a vortex. However, the presence of θ in the denominator of the magnetic field shows that these solutions will become singular if we try to extend them to the commutative θ = 0 case. In order to obtain a solution valid for all values of θ, it is natural to modify the solution (9)-(10) for the θ = ∞ case by trying an ansatz with a different coefficient for each shift operator
which was proposed for the Abelian Higgs Models in [13] and for the Chern-Simons Higgs Model in [14] . By substitution in the self-dual equations, one finds a system of algebraic equations for the f k and d k coefficients
which can be solved along the lines explained in these references. By writting d k as
gives the new coefficient e k in terms of the f j coefficients as
and, with this expression for e k , the second equation yields a three term recurrence relation for the f k
which gives f k+1 in terms of f k and f k−1 . As, on the other hand,
. Thus, once f 0 is chosen and f 1 determined, all the remaining coefficients can be recursively found. The task is to find the value of f 0 which matches the boundary condition for k → ∞: in this limit, the f k have to approach unity, which is the only fixed point of the recurrence relation, and to accomplish it a simple bisection method can be used: we try first with f 2 0 = 0.5; if we find that f k grows over unity before f k < f k−1 , f 0 is too large and we change f 0 to f 2 0 = 0.25; if, instead, f k < f k−1 before f k > 1, f 0 is too small and we try with f 2 0 = 0.75. We repeat this procedure until a good matching with the boundary condition is attained. Once f 0 and all the the f k coefficients are known, the magnetic field can be calculated from the self-duality equations as
and, thus, the magnetic flux and energy are
and
In fact, for topological reasons, we expect that Φ M = 2πn, irrespective of the values of θ, λ, β or v, for any solution of the self-duality equations.
We have computed the correct value of f 0 for several values of the parameters in the dielectric function and for topological number n = 1. For the case λ = 0, β disappears form the action and only the non-dimensional combination θv 2 matters. The numbers in the two previous tables are in good agreement with those appearing in [13] , [14] . In the next four ones we present the results for f 2 0 for some values of λ interpolating between the Nielsen-Olesen and Chern-Simons cases. In the tables, the rows and columns correspond, respectively, to the values of βv 2 and θv 2 given in the margins. 
Comparison with the commutative vortices
For all cases shown in the previous subsection, we have checked using (14) that the magnetic flux takes the value Φ M = 2π, as it should be. As was done in [13] , it is also interesting to check if the vortices of the noncommutative model converge to those of the commutative one when the parameter θ goes to zero. Using the ansatz
with r and ϕ the standard polar coordinates, the self-duality equations of the commutative model are [6, 7, 8] 1 r dα dr
and the boundary conditions are
For r ≃ 0, the solution is
and starting with this asymptotics, the equations can be integrated numerically to find the value of g 0 which matches the boundary conditions at infinity. We have done this with a fourth-order Runge-Kutta 
2θv 2 in the noncommutative one, exactly as was established for the case G = 1 in [13] . To understand this coincidence, let us write the scalar field of the noncommutative n = 1 vortex as
and compute his expected value on the coherent state | w = e [18]. Now, using
we see that for w → 0 and in the limit θ → 0 we have
and this should be interpreted as the value of φ near the origin. On the other hand, for the commutative model φ ≃ g 0 v 2 re ϕ , so one should expect g 
Noncommutative vortex profiles
Once the scalar and magnetic field operators are known in Hilbert space, it is not difficult to invert the Weyl map and find the functional form of these vortex fields in the noncommutative coordinates. For that, we only have to take into account that the function f j,k (x) whith Weyl transform | j k | is [5] f j,k (x) = 2(−1)
exp iϕ and the L q p (y) are generalized Laguerre polynomials. In particular, as
and the magnetic field is (14) we find
The following figures show the profiles of φ * φ (in red) and B (in green) as a function of r for several values of the non-dimensional parameters θv 2 and βv 2 . The curves in each figure are for λ = 0, 0.2, 0.4, 0.6, 0.8 and 1, and one can distinguish these values because in all cases both φ * φ and B at the origin decrease with λ. A few comments about these figures:
• As one can see, the profile of the magnetic field exhibits a maximum at the center of the Nielsen-Olesen vortex, which is more and more flat as λ increases, and becomes finally a minimum for the Chern-Simons case. Thus, the magnetic field concentrates at a peak for small λ and is more disperse, forming a ring around the core of the vortex, as λ approaches one. The effect is more noticeable when the parameter θ measuring the noncommutativity of the plane is small; in particular, in the fourth figure, which has the larger value of θv 2 , the magnetic field at the center of λ = 1 case looks more like a plateu than like a ring.
• The first four figures have βv 2 fixed and a increasing degree of noncommutativity, with parameter varying from θv 2 = 0.25 to θv 2 = 1.5. Looking at these, we see that, as θv 2 increases, the value of B(0) decreases for the NielsenOlesen vortices, but increases for the Chern-Simons ones. Thus, while for small noncommutativity the magnetic field at the center of the vortex shows a wide variation with λ, for higher θv 2 the range of this variation is of lesser extent.
• In the same four figures, we can see that the profiles of φ * φ with distance are quite similar for all the values of λ, but φ(0) * φ(0) increases with θv 2 . This is as it should be expected, given that for commutative vortices the scalar field vanishes at the origin.
• The fifth figure is for small noncommutativity and large βv 2 , which corresponds to small Chern-Simons parameter κ. There is in this case a very important variation of the magnetic field with λ, and the ring-like shape of the core of the vortex is evident for quite low values of the intepolating parameter. Instead, the dependence of the profile of φ * φ with λ is completely negligible.
• This behavior is in contrast with the sixth figure, which has more amount of noncommutativity and a small βv 2 . In this case, both the magnetic field B and the scalar field magnitude φ * φ show substantial variations as we interpolate between the Nielsen-Olesen and Chern-Simons solutions.
The semilocal model with dielectric function
Unlike the AHM, the Standard Model of particle physics does not admit topologically stable vortices. The reason is that, in this case, the pattern of gauge symmetry breaking is G = SU(2) × U(1) → H = U(1) and the fundamental group of the quotient G/H is trivial, π 1 (G/H) = 1. There is, however, an interesting exception to this general statement: if the Weinberg angle is θ W = π 2 , the weak isospin gauge bosons decouple, the SU(2) factor becomes a global symmetry and stable flux lines appear in the spectrum [15] . Being the consequence of the mixing of the global SU(2) and gauge U(1) symmetries, these solutions are kown as semilocal vortices. Although the Higgs field is a SU(2) doublet
and thus the vacuum orbit is S 3 , the stability of semilocal vortices is guaranteed because, to ensure the vanishing of their covariant derivatives at long distances, the asymptotic scalar field has to be given by a map from the spatial S 1 border to one S 1 fiber of the Hopf fibration S 3 → S 2 [20] , [21] . Hence, the effective fundamental group which classifies the finite energy configurations is π 1 (S 1 ) = Z, the winding number corresponding, as usual, to the magnetic flux. In each topological sector, the axially symmetric semilocal vortices form a family which is parametrized by a complex number and interpolates between standard Nielsen-Olesen vortices and CP 1 -lumps.
Although all the defects in the family are stable [22] , the fields decay exponentially at infinity only for the Nielsen-Olesen vortices. For the other cases the magnetic flux is more spread and the fields reach their asymptotic values as inverse powers of the distance.
Semilocal self-dual noncommutative vortices
Our aim in this section is to study the self-dual vortex solutions arising in a noncommutative semilocal model with dielectric function. With the rescalings seen in Sect.2, the action of the model is
where G and W are positive functions which, to be covariant under both the global SU(2) and the gauge U(1) symmetries, have the structure:
The energy for static configurations is
and, as in the previous section, one can perform a Bogomolny spliting such as, if
the field configurations which satisfy the self-duality equations
saturate the Bogomolny bound
As before, we choose a dielectric function
which is suitable to interpolate between semilocal vortices of Maxwell type and semilocal Chern-Simons vortices; for the latter, see [23] 1 . Then, the Bogomolny equations 1 Here we abide by the notation of [14] . To compare with [23] , A µ , ∂ µ , φ, κ and η in that paper have to be rescaled according to
and a convenient ansatz to solve them in the sector of magnetic flux Φ M = 2πn is a direct extension of (11)- (12):
in which we have used the global SU(2) symmetry to put the topological vorticity in the φ + component, i.e. we will use boundary conditions f k → 1, η k → 0 for k → ∞, but we also allow for a behavior of type a l for the other component. This mimics the angular dependence of the solutions found for the commutative model, see [20] , [22] , and the analysis of that case suggests that, in order to have well-behaved finite energy solutions, we have to take 0 ≤ l ≤ n − 1.
Using this ansatz in (16) and (17), we can relate the coefficients η k and f k through
and then, iterating this relation and using the same arguments of the previous section, we see that, once some initial values for f 0 and η 0 are given, all remaining coefficients follow from the recurrence relations
and equation (13) . Thus, the problem is to find, for each η 0 , the value of f 2 0 which gives the correct behaviour for k → ∞. Using the bisection method, we have found f 2 0 for n = 1, l = 0 and the cases given in the following tables: 
Comparison with the semilocal commmutative vortices
Let us now compare with the commutative semilocal model. With the radial ansatz
the commutative Bogomolny equations are
Let us concentrate in the case n = 1, l = 0. From (22) and ( We have checked that these are precisely the values of
2θv 2 obtained in the noncommutative model when we take the limit θ → 0, as it should be.
Field profiles of the semilocal noncommutative vortices
Finally, by applying the Weyl transform we can find the profiles of the semilocal vortices for different values of the paremeters. The formulas are
We illustrate the results for several cases in the following figures, where φ + (x) * φ + (x), φ 0 (x) * φ 0 (x) and B(x) are plotted, respectively, in red, blue and green. In these examples we have chosen an intermediate value for η 0 and three values for the interpolating parameter, corresponding to semilocal Nielsen-Olesen vortices, semilocal Chern-Simons vortices, and a third case just in the middle of the range of λ. We have fixed the β parameter to a value βv 2 = 1 and present, for each value of λ, solutions for both small (θv 2 = 0.25) and large (θv 2 = 1.75) noncommutativities. Some features that we can appreciate looking at the figures are as follows:
• In the case of small θv 2 the profile of the magnetic field has a maximum at the center of the Nielsen-Olesen vortex, but it is ring-shaped for the Chern-Simons case; for the intermediate λ = 0.5 solution the maximum is still there, although more flat.
• This pattern changes when the noncommutativity is large. In this case, the magnetic field profiles for λ = 0 and λ = 0.5 are nearly the same and, although with a slightly more flat maximum, the magnetic field remains concentrated at the core of the vortex also for λ = 1.
• The magnitude of the upper component of the scalar field is minimum at the origin. The value of φ + (0) * φ + (0) decreases with λ, both for small and large θ.
• For the three values of λ, φ + (0) * φ + (0) is higher for larger noncommutativity. Accordingly, the growth with distance of φ + (x) * φ + (x) is less steep in that case.
• The magnitude of the lower component of the scalar field has a maximum at the vortex core. There is, for the three values of λ, some increase of the value of φ 0 (0) * φ 0 (0) when θv 2 = 1.75 as compared with θv 2 = 0.25, but the effect is small. In all cases, φ 0 (x) * φ 0 (x) converges quite slowly to its asymptotic value, and the higher the noncommutativity, the slower the convergence.
Conclusions and outlook
In this paper we have studied the standard and semilocal noncommutative generalized AHM with dielectric function, showing that they admit a Bogomolny splitting and have, therefore, stable vorticial solutions whose energy is proportional to the magnetic flux. By changing the dielectric function it is possible to model the vortices in a variety of shapes. For the U(1) model, we have focused in the case of unit vorticity and provided a number of solutions with different values of the non-dimensional parameters θv 2 and βv 2 , finding vorticial profiles which interpolate between those of the noncommutative Nielsen-Olesen and Chern-Simons-Higgs cases. We have checked numerically that, for the case of θ → 0, regular solutions exist which converge to the vortices of the commutative model. The noncommutative SU(2) × U(1) semilocal model with dielectric function has also been investigated along the same lines, and their self-duality equations have been solved numerically for a variety of values of the above mentioned parameters and also of the coefficient η 0 which measures the degree of departure between standard and semilocal vortices.
Finally, let us make a couple of comments on some possible directions to extend this work in future research. Here we have concentrated in the case of a single vortex but, as it is well known [24] , the commutative self-duality equations admit multivortex solutions spanning a moduli space which has dimension 2n in the topological sector of winding number n [25] . It would be interesting to elaborate on the generalization of this result to the noncommutative cases with dielectric function that we have been studying. For the U(1) case, for instance, if we shift the scalar and gauge fields of a vortex under the condition that the self-duality equations continue to be satisfied to linear order in the deformations δφ, δA k , we arrive to a equation of the form
The first three rows in D come form the linearization of (6)- (7), whereas the fourth one is a background gauge condition suitable to remove the spuriuos deformations which amount only to a change of gauge. The elements of D are operators whose action on the deformations is as follows:
In the commutative case, the dimension of the vortex moduli space M is given by the index of D [25] dim M = indD = dim kerD − dim kerD † and, given that this is a topological quantity, and the noncommutative self-duality equations are continuous deformations in the θ parameter of the commutative ones, we expect on general grounds that the result valid for commutative vortices is still valid for any θ. Nevertheless, all the details of the computation, such as to establish a vanishing theorem for the kernel of D † or to evaluate the heat-kernel traces of the superpartner Laplacians D † D and DD † , seem to be quite intricate for objects involving the Groenewold-Moyal product, see [26, 27] . In particular, the coefficients of the asymptotic expansions of these heat-kernel traces split into three terms a n (O) = a is given by a combination of fields of both types. Furthermore, this last term is divergent as θ −1 when the commutativity of the plane is restored. Thus, an issue to be clarified is if the good behavior in the limit θ → 0 of the solutions reported here is enough to ensure that the coefficients a mix n coming from the deformation operator D effectively vanish. On the other hand, the heat-kernel coefficients are interesting also from the point of view of computing the quantum corrections to the semiclassical energy of vortices. In fact, the main part of this correction comes from the trace of D † D once a convenient regularization scheme, based for instance in zeta-function methods [21] , is stipulated. For the commutative U(1) and semilocal vortices, the computation of the leading a n (D † D) needeed for the quantum corrections has been performed in [28] . We think that it would be a worthwhile project to study the precise way in which the methods described there can be generalized in order to be applied to the case of noncommutative solutions.
